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In this paper we study the first law of thermodynamics for the (2+1) dimensional BTZ rotating 
black hole considering a pair of thermodinamical systems constructed with the two horizons of this 
solution. We show that these two systems are similar to the right and left movers of string theory 
and that the temperature associated with the black hole is the harmonic mean of the temperatures 
associated with these two systems. 



I. INTRODUCTION 

Bekenstein and Hawking showed that black holes have non-zero entropy and that they emit a thermal radiation 
that is proportional to its surface gravity at the horizon. These two quantities are related with the mass through the 
identity 

dM = TdS, (!) 

that is called the first law of black hole thermodynamics^, But when the black hole has other properties as 
angular momentum J and electric charge Q, the first law is generalized to 

dM = TdS + QdJ + $dQ, (2) 

where = ^ is the angular velocity and $ — is the electric potential. When the black hole has two horizons, 
it is known that it is possible to associate a first law with each of them. The outer horizon is related with the 
Hawking radiation while the inner horizon is related with the absortion proccess. 

In this paper we will apply the method described by Wu @ to describe the thermodynamics of the rorating BTZ 
black hole in (2+1) dimensions and try to relate it with the effective string theory and D-brane description of black 
holes.. 

In order to obtain this, we will define two thermodynamical systems as the sum and the difference of the two 
horizons associated with the rotating BTZ black hole. These systems resemble the R and L moving modes of string 
theory. Then, we will describe the thermodynamics of each of these systems to show how the Hawking temperature 
Th associated with the BTZ black hole can be interpreted as the harmonic mean of thetemperature of the R and L 
parts, i.e. 
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II. THE BTZ ROTATING BLACK HOLE 



The rotating BTZ black hole [S] is a solution of (2 + 1) dimensional gravity with a negative cosmological constant 
A — —ji. Its fine element can be written as 



ds^ = -Adr + 



dr^ 



(4) 



'Electronic address: |eduardalexis@gmail.com| 



2 



where the lapse function is 



A = -M 



J2 



12 4^2- 

This solution has two horizons given by the condition A = 0, 



(5) 



l±\ l- 



J2 



(6) 



The mass of the black hole can be written in terms of this horizons as 



M = 



(7) 



while the angular momentum J is given by 



J = 



(8) 



The Bekenstein-Hawking entropy associated with the black hole is twice the perimeter of the outer horizon, 



S = 47rr+, (9) 

and therefore, the mass can be written as 



^-1^ + ^- (10) 



This expression can be re-written as 0] 



M =^TS + nj = kV + nj, (11) 

where = ^ is the "reduced" perimeter and k is the surface gravity. The Hawking-Bekenstein entropy can be 
written as 



S = AttV, (12) 

so the mass ifTO]) is given by 



■p2 72 

+ (13) 



Finally, the differential form of the first law for this black hole takes the form 01 



dM = 2ndV + ndJ. (14) 

As is well known, we can associate a thermodynamics to the outer horizon when treated as a single thermodynamical 
system. With the four laws associated with this horizon one can describe the Hawking radiation process. On the 
other hand, it is also possible to consider the inner horizon as an independient thermodynamical system and associate 
it a set of four laws that are related with the Hawking absorption process 0. Therefore, the integral and differential 
mass formulae can be written for the two horizons. 
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M = 



J2 



dM = 2K±dV± + n±dJ. 

From these relations, is easy to see that the surface gravity and angular velocity at the two horizons are 



K± 



n+ = 



1 dM 


v± 




J2 


2 dr± 


p 

J ' 






dM 




,/ 


J 




a/ 




2V±^ 


~ 24' 





while the entropy and temperature associated with each horizon are 



S± = AttV± 
^ 27r 



(15) 
(16) 

(17) 
(18) 



(19) 
(20) 



Using the inner and outer horizons we will define two independient thermodynamical systems. Following Wu [6|, 
the R-system will have a reduced perimeter corrspondient to the sum of the inner and outer perimeters while L-system 
corresponds to the difference of these perimeters, 



Vr = V++V- 
Vl = V+-V- 



(21) 
(22) 



It is important to note that each of these systems carry two hairs (M, J) , but we will show that they represent two 
black holes with an asymmetry in the angular momentum. However, to begin, we will obtain the thermodynamical 
relations for these systems and after that we will relate them with the thermodynamics of the BTZ black hole and its 
Hawking temperature. 

III. R-SYSTEM THERMODYNAMICS 

First, we will focus in the R-system. Using the expression for the inner and outer radii ^ we can write 



Therefore, the mass formula |[7| can be written as 



Vt+Jl^ Mf + Jl. 



M 



p I ■ 

The surface gravity and the angular velocity associated with this system are given by 



1 dM 



kr = 

flR = 

and the correspondient entropy and tempertature are 



2 OVr 
dM 
~dJ 



Vr 



Vr 
P 
1 

"7' 



(23) 
(24) 

(25) 
(26) 



Sr = AttVr = 47r {r+ +r^) = s^ 

Sr = Ati^/MP + Jl 



(27) 
(28) 
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Then, the integral and differential mass formulae for the R-system are 

M = KRVn + nRj (30) 
dM ^ ^dVB. - jdJ = 2nRdVR + VLndJ, (31) 

that corresponds to what is expected from equations (fTTI) and (fM)) . 

IV. L-SYSTEM THERMODYNAMICS 

Now, we will turn our attention to the L-system. Using again the expression ^ we have 

Vl=Vl+V'i- Jl^ Mf ~ Jl. (32) 
Therefore, the mass formula |[7|) can be written now as 

M = ^ + y. (33) 
The surface gravity and the angular velocity associated with the L-system are given by 



1 dM 



KL = 



2 OVl 
dM 
~dJ 



J 

_ 1 

~ 7' 



p 



2tt 27r/2 2ttP 
The integral and differential mass formulae for this system are 



(34) 
(35) 



and the entropy and tempertature are now 

Sl = AttVl = 47r {V+ -V-) = S+~ S- (36) 



Sl = Any/ MP - Jl (37) 
KL Vl \/MP - Jl 



(38) 



M = klVl + ^lJ (39) 



dM = -JidVL- -dJ = 2nLdVL + ^LdJ, (40) 



that corresponds again to equations ifTTj) and (fT4l) . It is important to note here that equation [38] lets identify the 
extremal black hole case (under the condition Ml = J), that leave us only with one system ( i.e. the R-system). 



5 



V. RELATIONSHIP BETWEEN THE R,L-SYSTEMS AND THE BTZ THERMODYNAMICS 

The thermodynamic laws of the R, L- systems are related with the BTZ black hole thermodynamics. To see this, 
note that the surface gravities of the R and L systems can be written in terms of the surface gravity of the two 
horizons as 

1/211 

— ±— ' (41) 



kr,l 'Pr,l k+ k_ 

that corresponds exactly with the relation found by Wu[l| for Ker-Newman black hole, and that is in direct correspon- 
dence to string theory and D-brane physics. Since temperature is proportional to surface gravity, we have a similar 
expression, 

1 _ 2nl^ _ 1 1 

Note that from this relation is immediate to obtain the expression for the Hawking temperature associated with 
the BTZ black hole, that corresponds to the temperature of the outer horizon, 

Th = T+ = ^. (43) 
Using equation l|42p . the Hawking temperature can be written as the harmonic mean of the R and L temperatures, 

2 11 

It is also important to note that there is an asymmetry between the angular momenta of the R and L systems as 
can be seen from the angular velocities, 

f^K = - j = -^L- (45) 

Finally, note that in the extremal case, given by the condition Ml = J, the R and L systems are indistinguishable. 
This means that they are in thermal equilibrium with a temperature 



Te^^ = ^. (46) 



VI. CONCLUSION 

In this paper we have shown that the thermodynamics of the (2+1) dimensional rotating BTZ black hole can be 
constructed from two independient thermodynamical systems constructed from the two horizons and that resemble 
the right and left modes of string theory. If one assume that the effective strings have the same mass and angular 
momentum that the rotating BTZ black hole, there is a correspondence between the R and L modes thermodynamics 
and the thermodynamics of the horizons. 

For example, note that the entropy of the R and L systemes are obtained as the sum and difference of the entropies 
of the two horizons (equations [27ll36l) . as in effective string theory. Moreover, we have show that the Hawking 
temperature associated with the black hole is obtained as the harmonic mean of the temperatures associated with 
the R and L systems, just as in the case of stringy thermodynamics. Thus, the picture of black holes provided by 
effective strings and D-Branes seem to hold in (2+1) gravity, even for entropy calculation. 
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All these facts suggest that, as proposed by Wuf6'|, there is a deep connection between string theory and D-branes 
with black holes physics, and this relation can lead to the understanding of the origin of entropy, not only in general 
relativity but also in other dimensions. 
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